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GENERALIZED g-GAUSSIAN VON NEUMANN ALGEBRAS WITH 
COEFFICIENTS, II. ABSENCE OF CENTRAL SEQUENCES. 

MARIUS JUNGE AND BOGDAN UDREA 


Abstract. We show that the generalized g-gaussian von Neumann algebras with coefficients 
Tq{B, S®H) with B a finite dimensional factor, dim{Dk{S)) sub-exponential and the dimension 
of H finite and larger than a constant depending on q, have no non-trivial central sequences. 
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1. Introduction. 

| Jiinp;eUdreaGQC 

In this short note, which is a sequei to l[b], we investigate the iack of non-triviai centrai 
gequ^j^ces the generaiized q-gaussian von Neumann aigebras with coefficients introduced in 
Ijb]. Specihcaiiy, we prove that the von Neumann aigebras M = Tq{B, S'SiH) are factors without 
the property F of Murray and von Neumann when,.^^^^n^ni^g^imensionai factor, the dimensions 


(over C) of the spaces Dk{S) (see Def. 3.18 in l[bjj""are sub-exponential and the dimension of 
H is hnite and larger than a constant depending on q. A type Hi factor {M,t) has property 
r, according to Murray and von Neumann, if there exists a sequence (tiu), of unitaries in M 
such that \\xun — UnxWi —)• 0 for all x € M and t(u„) = 0 for all n (see 1^. Murray and von 

the VO’s 


\XUn - UnX\\2 

Neumann used this property to distinguish between the hyperfi^i^^fac^^g R au 
sequences in type IR factors were further studied by Dixmieu (I 
property F played an important role in the work of McDuff (@^ 
classihcation of injective factors. The absence of cer^ffi^s|guenci 
von Neumann algebras was investigated by Sniady (1^ 


^ and Lance * 
arid Connes (l[ 


see also 


es/ - 

regarding the 
for the factoriality of 


these, ffi, 


In l[b] we introduced a new class of von Neumann algebras, the so-called generalized g-gaussian 
von Neumann algebras with coefficients Tq{B,S ® H) associated to a sequence of symmetric 
independent copies {-Kj, B, A, D), and we proved that under certain assumptions they display a 
powerful structural property, namely strong solidity relative to B. We continue our investigation 
of the generalized g-gaussians by proving that, under the same assumptions, they do not possess 
the property F if i? is finite dimensional and the dimension of H is finite and exceeds a constant 
depending on q. 


2. The main theorem. 

tt KeUdreaGQC 

Theorem 2.1. Let (nj, B, A, D) a sequence of symmetric independent copies with B amenable, 
I ^ S = S* C A and assume that there exist constants C,d> 0 such that dimB{Dk{S)) < Cdf, 
for all k > 0 . Let H be a Hilbert space with 2 < dim{H) < oo and M = Tq(B,S (8) H). 
Assume that M is a factor. For k>0, denote by P<k I'he orthogonal projection of L?‘{M) onto 
0^<^L^(M). Let (xn) € M' n M“. Then for every 6 > 0, there exists a k >0 such that 

lim \\Xn - P<kiXn)\\2 < d. 

n—^uj ~ 

If moreover B is finite dimensional, then M' n = C, i.e. M does not have the property F. 


Proof. We use the spectral gap principle of Popa (see IpTriT? 


PopaSMS- 

, Let M = F 


and for every m > 1 let Pm C L^{M) be the M — M bimodule introduced in 


B,S §){H H)) 

-- ^,eU^eaGQCj 

ections 6 and 



7. Namely, Pm is the closed linear span of reduced Wick words Wa{xi 
such that hi € H (B {0} U {0} © H and at least m of them are,,in 
the 1-parameter group of ^-automorphisms of M in^troduced in 

eln7®“ 


.e6Ucireai-_ _ 

51, Thm. 3.16. 


,Xs,hi,... ,ht) € M 
Also let {at) be 


Let’s note the 


Trop. 5.1). 


following transversality property, due to Avsec (see 
Lemma 2.2. There exists a constant Cm > 0 such that for 0 < t < we have 

l|ai"*+i( 0 -ell 2 <C'^||^V^«i( 0 l |2 for all 0 lI{M) C L\M). 

K geUdre^QC 

since B is amenable, there exists an m > 1 such that Pm is weakly 
contained into the coarse bimodule Lf {M) ® Lf {M). Fix such an m. Since M is a non-amenable 
factor, it follows that Lp‘{M) is not weakly contained in Pm- This means that for every <5 > 0 
there exist a finite set F C U{M) and an e > 0 such that if ^ G Pm satisfies ||u^ — f,u \\2 < e 
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for all u € F, then ||^||2 < 6 . Fix such a < 5 , set 6 ' = 2 Cm+i ^ ^ corresponding 

to 5 '. Take {xn) £ M' n . There’s no loss of generality in assuming that ||xn||oo < 1 for all 

n. Fix 0 < t < 2 “™'“^ such that \\at{u) — u \\2 < | for all u € F and l|at(^) — ^||2 < 6 ' for all 
C ^ 0fc<m ''^ith 11^112 < 1 . For all n G N we have 

\\uat{Xn) - atixn)u\\2 = \\[at{Xn),u]\\2 = \\[Xn,a-t{u)]\\2 < ||[Xn,«-*(«) - u]||2 + ||[Xn,u]||2 
< 2 \\a-tiu) - u\\2 + ||[ 3 :n ,«]||2 ^ I + ll[a;n,w]||2- 
Since (xn) £ M' n we see that for n large enough and for all tt £ F we have 

\\at{xn)u - uat{xn)\\2 < e, 

which further implies ||Fjr^ai(x „)||2 < < 5 '. Write Xn = x'^ + x", where £ 0 ^<^F^(M) and 
^ ©fc>m+i Note that ||a:J ^||2 < 1 , < 1 - Due to our choice of t we see that, for 

n large enough, 

||F^^«,«)||2 < WP^M^'n) - Oh + Il^-F.«)ll2 < 5'. 

Using Avsec’s transversality property, this further implies, for n large enough, 

S' > \\Pj^^at{Xn)\\2 > WPj^mOOh - WP^mOOh > WP^mOOh “ S', 

hence 

2 S'Cm > CmWPTmOOh > ll«t-+l«) -<ll 2 - 

Thus, for 0 < s < t, and n large enough we have 

||Q:s(a;n) - Xnh < WasO) - Oh + \hs{0) “ Oh < (2^^ + 

I JiiripjeUdreaGQC 

Using l[^, Thm. a.16, we see that there exists a k = k{s,S) such that, for n large enough, 

\\Xn - P<k{Xn)\h < h^Cm + 1 )(^' = S. 

Taking the limit with respect to n —>• a; establishes the first statement. For the moreover part, 
assume first that F = C. Let’s make the following general remark. Suppose (M, r) is a type Hi 
factor, Lo a free ultrafilter on N and consider M C M‘^ embedded in the canonical way, i.e. as 
constant sequences. Let (x„) £ M'r\M‘^ such that r(a:„) = 0 for all n. Then for every a £ M we 

have lim„_j.(j T{aXn) = 0 , i.e. Xn ^ 0 ultraweakly as n —>■ ca. To prove this, let Em ■ —>• M 

be the trace-preserving conditional expectation. Then EmUxu)) £ C. Indeed, since (x„) is a 
central sequence, for every a £ M we have 

aEM{{xn)) = EM{a{xn)) = EM{{xn)a) = EM{{xn))a. 

Thus EmUxu)) is in the center of M, so there exists a scalar A such that EmUxu)) = Al. Then 

A = T{EM{{xn))) = H{{xn)) = limr(x,i) = 0 . Hence EmUxu)) = 0 and for every a, 6 £ M we 

have 

limT(aXn6) = t^((ox„6)) = T{EM{{aXnb))) = T{aEM{{xn))b) = 0, 
which proves the claim. Assume now that (x„) £ M' n such that £ U{M) and T{xn) = 0 
for all n. Fix 0 < e < 1 and k such that lim \\xn — P<k{xn)\h ^ according to the first part 
of the Rroc)|uciSgi|^ Ds{S) is finitely generated over F = C for every s, according to Prop. 
3.20 in 1^, the space 0s<fcL^(M) is finite dimensional (over C). Choose an orthonormal basis 

{^i}i<j<iV(fc) of 0 ^<fcL 2 (M), then write F<fc(x„) = with Xj{n) £ C. Note that 

|Aj(?T')|^ = 1 for all n. For all n large enough we have 

N{k) N{k) N{k) 

1 - e < \{Xn, POxn))\ = \{Xn, ^ ^ I Aj (n) 11 (Xn, ) | = ^ | Aj (n) | |r (C*Xn) | ^ 0 , 

j=l j=l j=l 
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which produces a contradiction. When B is finite dimensional, the same argument applies since 
0 s<fe is again hnitely generated over C, and this finishes the proof. ■ 


Remark 2.3. 


in Th 


.iiikeiMrea^fe? obtained as a consequence ofl|lUj 
and Cor. 7.5 in\^. "Indeed, due to Cor. 7.5 in'^, the von Neumann algebras M = Tq{B, S^H) 
wnder the assumptions of Thm. 2.1, hence they are also solid. Ozawa remarked 
based on a result of Popa, that a non-amenable solid factor is automatically non-T, which 

2 . 1 . 


.waSolid 


in^ 

reproves the second statement of Thm 


Corollary 2.4. Let —l<q<lbe fixed. There exists d = d{q) such that the following von 
Neumann algebras are non-T factors as soon as oo > dim[H) > d: 

(1) rg(R); 

(2) BiS'Tq{H), for B a type Hi non-T factor; 

(3) rq(C,S' (8> K) associated to the symmetric copies {TTj,B = C,A = Tqq{H),D = Tq{£‘^ (g) 
H)), where —1 < go < 1; the symmetric copies are given by TTj{sqq{h)) = Sq{ej ®h) ({ej) 
an orthoM^m^^b^^ of i'^) and K is a finite dimensional Hilbert space (see Example 


4-4-1 in I 

(4) rq(C,S' (g) R) associated to the symmetric copies {'Kj,BQ = C,^o = = 

L(S[o,oo))) and S = {l,U(oi)}; the symmetric copies are defined by'Kj{a) = a G 

canonical generating unitaries for Dq (see Example 4-4-^ 

’ _ 

(5) Tq{C,S 0 H) associated to the symmetric copies {7rj,C, A, D), where D = 0pjL(Z) or 

D = the j-th copy of L{2,) is generated by the Haar unitary Uj, A = {u 

in If 


^-ill^reaGgC 

copies TTj are defined by Trj{ui) = uj and S = {l,ui,u*} (see Example 4-4-3 in l[b] 

W geUdreaGQC 

The 

second statement is a consequence of Cor. 2.3 in l [2["wjy l^.j.the rest follow from Thm. 2.1. Let’s 
remark that (1) has been first proved by Sniady (Ijluj I. and that for the examples in (1) and 
(2) the restrictionon ^e dimension is not necessary, due to the fact that Tq{H) is a factor for 
dim(iL) > 2 (see IjiSfl and to Remark 2.3 above. ■ 
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